We address the question of how to model electron transport through closed Aharonov-Bohm interferometers which contain quantum dots. By explicitly studying interferometers with one and two quantum dots, we establish the connection between a tunneling-Hamiltonian formulation on the one hand and a scattering-matrix approach on the other hand. We prove that, under certain circumstances, both approaches are equivalent, i.e., both types of models can describe the same experimental setups. Furthermore, we analyze how the interplay of the Aharonov-Bohm phase and the orbital phase associated with the lengths of the interferometers' arms affect transport properties.
I. INTRODUCTION
The study of transport through mesoscopic multiply connected geometries containing one or two quantum dots ͑QD's͒ has recently attracted much interest. For devices smaller than the phase-coherence length, Aharonov-Bohm ͑AB͒ oscillations, i.e., oscillations of the conductance as a function of magnetic flux appear. This has been experimentally demonstrated for AB interferometers with either one QD ͑Refs. 1-5͒ or with 2 QD's. 6 Theoretical discussions of AB interferometry with QD's can be divided into two groups. The first group comprises studies based on a tunnel Hamiltonian approach. In this case, AB interferometers are modeled as depicted in Fig. 1͑a͒ : electronic states in the leads are simultaneously coupled to two QD's or to one QD and to the opposite lead. Using this approach, a variety of phenomena such as resonant tunneling 7, 8 and cotunneling, 9, 10 Kondo correlations [11] [12] [13] [14] [15] and Fano physics, 16 -19 and the influence of Coulomb interaction on quantum coherence [20] [21] [22] [23] has been addressed. In the second group of papers a scattering-matrix formulation is used. The AB interferometer is modeled as a ring attached to two leads as shown in Fig. 1͑b͒ . After specifying the scattering matrices for the forks connecting the ring to the leads and for the upper and lower arm, the total transmission through the device can be derived. 24 -30 The virtue of the tunneling picture lies in the fact that many-body effects, e.g., due to Coulomb interaction in the QD's, can be included in a conceptually straightforward way. On the other hand, in the scattering-matrix approach the effect of orbital phases associated with the finite length of the arms of the AB interferometer can be discussed in an easy manner.
A question of great importance is how these two types of models are connected to each other, and, in particular, to a given experimental setup. Do they capture different physical aspects? At first glance, they seem to describe different geometries, i.e., not to be related to each other at all. In geometries depicted in Fig. 1͑b͒ electrons can travel around the ring several times before entering the leads. In contrast, multiple-loop trajectories around the enclosed flux in Fig.  1͑a͒ go through the left and right lead. One might even argue naively that in the latter case the multiple-loop trajectories can not contribute to coherent transport, and thus to AB oscillations, since the electrons entering the leads would loose their phase information immediately. This notion, however, turns out not to be correct, as we discuss in detail below.
To compare the two models we concentrate on situations in which both approaches are applicable. As a first condition, we assume the Coulomb interaction among the electrons in the QD's to be negligible. In this case, the transmission amplitudes through the QD's, which are essential input parameters for the scattering-matrix approach, are easily determined. ͑For the problems arising with interacting electrons see the discussion in Refs. [21] [22] [23] .͒ Secondly, we neglect orbital phases associated with a finite length of the interferometers' arms. We will find that, in complete contrast to the naive expectation formulated above, both, the model based on the scattering-matrix formulation and that being described by a tunneling Hamiltonian, capture the very same physical aspects. In fact, we explicitly show ͑for AB interferometers containing one or two QD's͒ that both models are even equivalent, i.e., they yield the same total transmission through the device.
This equivalence is even more surprising when realizing that the scattering-matrix models seem, at first glance, to have an additional model parameter which does not enter the tunneling Hamiltonian. This parameter is the strength of the coupling between the AB ring and the leads. We will resolve this puzzle for the AB interferometers with one or two QD's studied in this paper by explicitly deriving scaling relations which demonstrate that different ring-lead coupling strengths can be rescaled by modified tunnel couplings of QD levels.
While the ring-lead coupling strength does not introduce an extra dimension for the space of adjustable parameters, the orbital phase associated with the finite length of the AB interferometers' arms does. In the last part of this paper, we study how the orbital and the AB phase affect transport through a double-dot AB interferometer. We derive an expression for the total transmission under the neglect of Coulomb interactions in the QD's. The result is a generalization of Ref. 16 , where, using a tunneling-Hamiltonian approach, we analyzed the transport features in the absence of orbital phases. single-particle description, whose physical meaning is clear and well understood. Scattering matrices S fork for the left and right ''fork'' connecting the AB ring to the left and right lead, respectively, describe how an incoming electron from, e.g., the left lead is partially reflected and partially transmitted into the upper and lower AB arm. Transport in the AB arms, which may contain a QD, is modeled by scattering matrices S 1/2 . Once these scattering matrices are known, the total transmission amplitude t tot for electrons from the left to the right lead can be easily obtained by solving a set of linear equations for the appearing amplitudes for left-and rightmoving waves in the different parts of the AB interferometer. The 3ϫ3 scattering matrix for the fork should satisfy current conservation (S fork S fork † ϭS fork † S fork ϭ1) as well as time-reversal symmetry (S fork Ϫ1 ϭS fork * ). We assume a symmetric geometry of the fork, i.e., symmetry between the two channels 1,2 connections to the upper and lower AB arm. Furthermore, we restrict ourselves to real entries only. With these constraints, the scattering matrix takes either the form
or S fork Ј ()ϭϪS fork (). The first column/row corresponds to the channel coming from/going to the lead, and the other two columns/rows are associated with the channels from/to the arms of the AB interferometer. The parameter with Ϫ1 рр1 characterizes the coupling of the ring to the leads:
Strong coupling of the ring to the leads corresponds to ϭ0. In this case, no backscattering of a wave into the lead occurs. Weak coupling is realized for ͉͉→1. For ͉͉ϭ1, ring and leads are decoupled. Symmetric coupling occurs for ϭ1/3. In this case, the fork does not distinguish between the lead and the ring channels. For now we use the scattering matrix S fork () -we will discuss the implications of choosing this branch as compared to S fork Ј () below. A microscopic understanding of the coupling parameter can be gained from a tight-binding model of the fork, as shown in Fig. 2 . In such a model the fork consists of three semi-infinite chains, with hopping matrix elements ϪJ and zero site energies; these leads are connected to a central site by couplings ϪJ L ,ϪJ R . As shown in Ref. 31 , the form of Eq. ͑3͒ is found for half-filling, i.e., k F aϭ/2, where k F is the Fermi wave vector and a the distance of the tight-binding sites. At this value little energy ͑or k) dependence of the matrix entries was found. Therefore the half-filling case and thus a real scattering matrix can be seen as generic for forks with energy-independent scattering.
The parameter is connected to the microscopic quantities by ϭ͓2Ϫ( Fig. 2 we show the respective counterparts of the special cases of strong, weak and symmetric coupling in the tight-binding model. Next, we construct the scattering matrix for the AB arms. The transmission and reflection amplitudes for a single-level QD with level energy and coupling ⌫ to the leads are
͑4͒
where t i ,r i and t i Ј ,r i Ј are associated with incoming waves from the left and right hand side, respectively. But the scattering matrix should also include phase factors which arise due to an AB flux and a finite length of the arms. For a symmetric geometry, i.e., identical length of all arms, the scattering matrices assume the form
, ͑5͒
where the first column/row corresponds to channels coming from/going to the left side and the second one is associated with the channel on the right hand side. Note that the AB phase and the orbital phase ␤ enter in a different manner ͓ϭ2⌽/(h/e) and ␤ϭk F L with the Fermi wave vector k F and the length L of the ring are the AB and the orbital phase for a full closed loop around the ring͔.
To compare with the tunnel-Hamiltonian approach we concentrate on ␤ϭ0. In this case one finds after some algebra
͑6͒
with 2␣ ϭ(1ϩ)/(1Ϫ). The relation to the tight-binding hopping matrix elements is given by
For the special choice of a symmetric fork, ϭ1/3, we find ␣ ϭ1, and Eq. ͑6͒ is identical to the tunnel Hamiltonian result Eq. ͑2͒. This establishes the fact that, although the geometric representations Figs. 1͑a͒ and 1͑b͒ of the two model systems look different, the same physical situation is described. A different ring-lead coupling, parametrized by , does not change this conclusion. The only effect is a renormalization of the level broadening ⌫→␣ ⌫, 32 which can be expressed in the scaling relation
͑7͒

C. Single-dot Aharonov-Bohm interferometer
In the same way as for the double-dot AB interferometer the equivalence of the tunnel-Hamiltonian and the scatteringmatrix approach can be shown for a single-dot AB interferometer. The corresponding tunnel Hamiltonian
includes, in addition to terms which describes tunneling from the leads to a QD and vice versa, a part for direct tunneling from one lead to the other with tunnel amplitude W. The strength of the coupling is characterized by the dimensionless parameter xϭ 2 ͉W͉ 2 N L N R . We model the AB flux using a gauge in which V L ϭV R ϭ͉V͉ and Wϭ͉W͉e i . A more general model, including a charging energy term for the QD, has been studied in Ref. 12 , and an exact expression for the transmission has been derived. In the absence of charging energy the result can be written as
The analysis of the single-dot AB interferometer within the scattering approach is analogous to the case of 2 QD's. The only difference is that the scattering matrix S 1 for the upper arm has to be replaced by
where, in order to be able to make connection to the tunnel Hamiltonian formalism, we modeled the arm by a strong scatterer with ͉t͉Ӷ1. It is straightforward to show 12 that ͉t͉ ϭ2ͱx/(1ϩx) and ͉r͉ϭ(1Ϫx)/(1ϩx).
Solving the set of equations for the various amplitudes, we get the total transmission as
Again we see that for the special choice ϭ1/3, i.e., ␣ ϭ1, for the forks we reach complete equivalence of the tunnel-Hamiltonian and the scattering-matrix approach. Different values of can be incorporated as a renormalization of the coupling constants ⌫ and x for the dot-lead and the direct lead-lead coupling, respectively. This leads to the scaling relation
The tight-binding model of a fork allows for a connection of the parameter of the scattering matrix to microscopic parameters:
D. Connection between the two approaches
The main conclusion to be drawn from the results derived above is the observation of a close connection between the two models based on the tunnel-Hamiltonian and the scattering-matrix formalism, respectively. The two models appear different in the way how the AB interferometer is coupled to the the leads, as depicted in Figs. 1͑a͒ and 1͑b͒ . It turned out, however, that they can describe the same physical realizations. To establish this fact, we concentrated on the regime in which both approaches are valid and easily applied. We considered noninteracting electrons and small AB interferometers, such that orbital phases can be neglected. Furthermore, in the case of the single-dot AB interferometer we assumed small transparency through the direct arm.
In the scattering approach, the total transmission depends on the strength of the coupling between the AB ring and the leads, i.e., on the choice of the scattering matrix for the forks. We found that the total transmission is identical to the one obtained from the tunnel-Hamiltonian approach in the case of symmetric forks, ϭ1/3. Of course, the ring-lead coupling strength can be different in different experimental setups.
However, different values of can be modeled by a simple renormalization of the dot-lead and lead-lead coupling strengths ⌫ and x, as indicated in the scaling relations Eqs. ͑7͒ and ͑12͒. If ⌫ and x are viewed as fit-parameters to be determined from the experiment, then can be chosen as 1/3 without loss of generality.
There is another observation which distinguishes the choice ϭ1/3 from other values. Let us assume that the transmission amplitudes t i through the arms iϭ1,2 are small, ͉t i ͉,͉t i Ј͉Ӷ1 and r i ,r i ЈϷϪ1. In this case, all trajectories with higher winding numbers around the AB ring are negligible, and simply the two paths through either arm 1 or 2 participate. From the scattering formalism we get the total transmission amplitude t tot ϭ␣ (t 1 ϩt 2 ), which yields the intuitive formula for constructive interference t tot ϭt 1 ϩt 2 for the special choice ϭ1/3.
This finishes the first part of this paper, which was to demonstrate the equivalence between the tunnel-Hamiltonian and the scattering matrix approach. In the remaining part of this paper we study the effect of the orbital phase, which we have neglected so far. We study an AB interferometer with two QD's for noninteracting electrons by using the scattering-matrix approach.
III. THE EFFECT OF ORBITAL PHASES ON TRANSPORT
The finite length of arms of the interferometers can easily be accounted for in the scattering approach by introducing an orbital phase ␤ which enters the scattering matrices for the two arms, as specified in Eq. ͑5͒. For simplicity, we restrict here to the case of a symmetric sample, i.e., all lengths from a fork to a QD are equal. We first show that also in the presence of the orbital phase ␤ models with different leadring coupling strength can be mapped onto each other by renormalizing the energy position i and intrinsic width ⌫ of the QD levels as well as the orbital phase. The explicit scaling relations will be derived. Then, we analyze the transport characteristics and its dependence on the orbital phase ␤ for ϭ1/3.
Scaling relations for different lead-ring coupling strengths
We start with the observation that a general fork matrix S fork () can be split into a special one ͑here we choose the symmetric fork matrix, ϭ1/3͒ and two additional scatterers in the outgoing interferometer arms. This is possible, as such a combination of fork matrix and two identical scatterers in the outgoing arms ͑with real entries only͒ will combine to a total scattering matrix fulfilling the constraints of unitarity, time-reversal symmetry and real entries, thus be of the general form S fork (). The additional scatterers are then described by
with zϭ(Ϫ1/3)/(1Ϫ/3)ϭ(␣ Ϫ1)/(␣ ϩ1). These scattering matrices can be combined with the scattering of the AB arms. We, thus, end up with an effective model containing a symmetric fork, ϭ1/3, and effective scattering matrices S i eff instead of S i as given in Eq. ͑5͒. The described scheme is visualized in Fig. 3 .
We find that the effective scattering matrix S i eff has the same structure as S i but with renormalized parameters
͑a͒ Disconnection of the scattering matrix of the fork S() and ͑b͒ reconnection to the new scatterers S i eff .
i.e., we obtain the scaling relation
The renormalization of ⌫ is particularly interesting. The level width ⌫ is reciprocally proportional to the dwell time in the scattering region. It turns out that adding the scatterers S(z) on the left and right hand side of the QD described by S i does not necessarily increase the dwell time and, therefore, decrease ⌫ . Due to interference the width can be both increased or decreased, depending on the parameters. This is shown in Fig. 4 . We find, that the renormalization of ⌫ as a function of z shows totally different behavior for different values of the orbital phase ␤. The decoupling limit →1, where the ring is separated from the leads, corresponds to z →1, e.g., a quantum dot embedded in between two totally reflecting barriers. An electron can not escape from such a structure, thus its dwell time is infinite, consequently the resonance width goes to zero. Indeed the effective resonance width ⌫ shows this behavior, except for the singular point ␤ϭ0, where ⌫ even diverges ͑see also Sec. III 3͒.
Transmission for general orbital phase
Since we just proved that a system with an arbitrary leadring coupling can be mapped onto an effective model with ϭ1/3, we can restrict to the latter case for analyzing transport through the AB interferometer. To calculate the total transmission with an arbitrary orbital phase ␤ we proceed in the same way as above by setting up a system of linear equations for the different amplitudes of the left/right moving waves. We find for the total transmission the lengthy but complete expression
.
͑16͒
We remark that the transmission probability T tot ϭ͉t͉ 2 is symmetric under →Ϫ, which is a direct consequence of Onsager relations and referred to as ''phase locking''. Furthermore, there is the symmetry T tot (␤, 1 , 2 )ϭT tot (Ϫ␤, Ϫ 1 ,Ϫ 2 ).
In the absence of an orbital phase, ␤ϭ0, the transmission probability T tot ϭ͉t͉ 2 simplifies to Eq. ͑2͒. We have analyzed the resulting transport features in Ref. 16 . We found that, at finite flux, the resonances of transmission through the total AB interferometer appear at 1 2 ϭϪ(⌫/2) 2 sin 2 (/2), see also Fig. 5͑a͒ . Centered around the region 1 Ϸ0Ϸ 2 , there is a region of low transmission. For details see Ref. 16 .
We now discuss how a finite orbital phase ␤ modifies the transmission landscape, i.e., the transmission as a function of the QD level energies 1 and 2 , measured relative to the Fermi energy of the leads. As ␤ is increased the crater of suppressed transport moves out of the center along the diagonal 1 ϭ 2 . Equation ͑16͒ yields zero transmission for 1 ϭ 2 ϭ(⌫/2)sin(␤/2)/͓1ϩcos(␤/2)͔. The two ridges of full   FIG. 4 . Renormalization of the level coupling by additional scatterers S(z) for different geometric phases ␤. Note the invariance ⌫ (␤)ϭ⌫ for transparent scatterers zϭ0, i.e., ϭ1/3.
FIG. 5. Transmission T tot ϭ͉t͉
2 as given by Eq. ͑16͒ as a function of the dots' energies 1 , 2 for an AB flux ϭ0.4 and different orbital phases: ͑a͒ ␤ϭ0, ͑b͒ ␤ϭ0.1, ͑c͒ ␤ϭ2/3, ͑d͒ ␤ϭ1.8.
transmission merge with increasing ␤ and eventually split up again, as can be seen in Fig. 5 . When approaching the limit ␤→2, a dramatic change happens. The transmission peaks become more and more sharp. In addition, they move along the diagonal 1 ϭ 2 out of the center ͑for 0).
In the limiting case ␤ϭ2, the transmission vanishes throughout the whole parameter plane 1 , 2 ͑for 0͒. This somewhat astonishing result can be also understood within a tight-binding model, as we carry out in the Appendix.
In Fig. 6 we visualize the behavior of the resonance peaks, by plotting the zeroes of the denominator of the transmission. They are close to the actual resonances Tϵ1. For both ␤ϭ0 and ␤→2 the ridges are described by hyperbolas, but with different orientation in the 1 Ϫ 2 plane. For all other values of ␤ the ridges are characterized by fourth-order curves.
To illustrate the position of the ridges and the crater of suppressed transport in a more quantitative way, we analyze the transmission along the diagonal 1 ϭ 2 ϭ in more detail. In this case, the transmission amplitude can be rewritten as 
Weak-coupling limit
Finally, we comment on the limit of a weak coupling between AB ring and leads. This corresponds to →1, i.e., ␣ →ϱ or z→1. Recall that for vanishing orbital phase ␤ϭ0 the renormalized level width ⌫ diverges, as shown in Fig. 4 . This contradicts the intuitive notion that for a ring which is weakly coupled to the leads the resonance widths should be infinitesimally small as studied in detail for general scatterers by Büttiker ͑see Ref.
25͒. This apparent contradiction is resolved by the inclusion of a finite orbital phase. For ␤ 0, Eq. ͑14a͒ yields ⌫ →0 in the weak-coupling limit, in accordance with the intuitive notion and Ref. 25 . Next, we check that the position of resonances match with the eigenstates of the ring in the weak-coupling limit. Solving the one-dimensional Schrödinger equation for the ring it is easily shown that an eigenstates at the Fermi energy exists for FIG. 6 . The resonances of transmission, as given by the zeros of the denominator of t for ϭ0. 4 
IV. SUMMARY
We addressed the relation between two different approaches of modeling AB interferometers with QD's, namely, a tunneling-Hamiltonian formalism and a scatteringmatrix approach. We proved that, under certain circumstances, both types of models are equivalent. Furthermore, we derived scaling relations which show that AB interferometers with different coupling strengths between AB ring and leads can be mapped onto each other. Moreover, we analyzed how an orbital phase, associated with a finite length of the interferometers' arms, affects the transport characteristics.
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APPENDIX: TOTAL REFLECTION FOR ␤Ä2-AN ILLUSTRATION USING A TIGHT-BINDING MODEL
In our discussion of the transmission through an AB interferometer as a function of the orbital phase ␤, we found that for the special case ␤ϭ2 the total transmission is identical to zero for all values of the level energies 1 , 2 , intrinsic line width ⌫, ring-lead coupling , and AB phase 0. All incoming electrons will be totally reflected. In this appendix we show how this behavior can be easily understood by the use of a tight-binding model as illustrated in Fig. 8 .
The left and right leads are represented by semi-infinite chains with hopping J between adjacent sites, and half filling k F aϭ/2. Coupling of the leads to the AB ring is characterized by hopping matrix elements J L and J R as discussed in Sec. II B. The quantum dot is described by a single site with energy i . The hopping matrix elements J D determines ⌫, and the AB phase is accounted for by J D ϭ͉J D ͉exp(i/4). The orbital phase is due to the finite length of the interferometer. At half filling, k F aϭ/2, the value ␤ϭ2 for the orbital phase is achieved by inserting one additional site each between forks and dots, as shown in Fig. 8 .
We remark here that using the alternative choice S fork Ј for the fork scattering matrix introduced in Eq. ͑3͒ together with ␤ϭ0 is equivalent to use S fork and ␤ϭ2. Thus, adding one site in each arm corresponds to a change between S fork and S fork Ј ͑or, equivalently, between ␤ϭ0 or 2͒, and the transmission through the AB interferometer depends on the parity of the number of sites between dots and forks.
We first look at the solutions of the tight-binding Hamiltonian for an infinite chain with one quantum dot embedded. The solution which describes plane waves far away from the impurity has energy EϭϪ2Jcosk F a. For half filling, the corresponding eigenstate ⌿ satisfies
which yields ⌿ e ϭ0 and thus zero transmission tϵ0 for all , except for ϭ0. The full solution, found by using the Schrödinger equation for even sites ͑including the dots͒, delivers a relation linking ⌿ odd and ⌿ e , from which we find rϭϪ1. This explains why for an odd number of sites between dots and forks, i.e., for ␤ϭ2, the AB interferometer is fully reflecting.
In contrast, in the same geometry but with an even number of sites between QD's and forks, Eq. ͑A2͒ no longer holds. Instead, the amplitude on the central site of the right fork depends on the energies 1 , 2 of the QD levels, and, in general, solutions with finite transmission t through the interferometer exist.
In this Appendix we provided an explanation for the surprising result that for ␤ϭ2 the total transmission is identically zero for all values of the energies of the QD levels ͑provided that 0͒.
